Abstract -A unified framework for multiple antenna space-time coding is presented leading to a general code design criterion valid for arbitrary spatial and temporal fading correlations. This framework provides insights into the effect of each of spatial and temporal correlations on space-time code design. The single code design expression encompasses quasi-static, fast fading, multiple block fading and other general correlations in the temporal dimension as well as arbitrary rank correlations in the spatial dimension. The general coding strategy proposed consists of precoding a space-time code with its size determined by the rank of transmit correlation, the structure determined by the Cholesky factorization of the temporal correlation and the precoding matrix obtained from the eigenvectors of the transmit correlation.
I. INTRODUCTION
Early works on wireless fading channels dealt with single antenna transmission techniques that involved interleaving to provide diversity via signal space methods [1] [2] [3] . The purpose of interleaving was to provide a channel with a white temporal fading process. Subsequently, the more practical case of imperfect interleaving leading to a non-trivial temporal fading correlation matrix was considered in [4] . Signal design with multiple antennas with identity spatial correlation matrix was considered in [5] . However, only the extreme cases of temporal correlation corresponding to quasi-static and fast fading were considered and that too in a separate manner. The case of the most general spatial correlation for multiple antennas has been addressed with respect to code design in [6, 7] . A simplified practical model for spatial correlation was provided and analyzed in [8] but it did not account for any temporal correlation.
In this work, we formulate a unified framework for analysis and design of multiple antenna space-time communication systems under a combined spatial and temporal fading correlation scenario. Such an analysis is more insightful than previous works because the effect of each of spatial and temporal correlations on code design can be understood more clearly. Our framework shows how the code design criterion is modified as one goes from the quasi-static regime to the fast fading regime via other general temporal correlation matrices. Furthermore, for rank deficient spatial fading correlation, we justify the advantage of precoding a reduced dimensional space-time code over using space-time codes designed for the spatially white fading channel. The space-time code structure to achieve the This work was supported in part by NSF Grants CCF-0434410 and CCF-0431170. maximum diversity and improved coding gain is then proposed for arbitrary spatio-temporal fading correlation. This paper is organized as follows. The system model and the associated performance analysis is presented in Section II. The special case of non-trivial temporal correlation but spatially white fading is considered in Section III. The special case of quasi-static fading but non-trivial spatial correlation is considered in Section IV. The general case of non-trivial spatiotemporal correlation is considered in Section V. Sample code constructions are discussed in Section VI and conclusions are provided in Section VII.
II. SYSTEM MODEL AND PEP ANALYSIS
Consider coding for an .
The Craig's formula 
For some constant
, one can also lower bound the # -function using the Craig's formula as
Using (7) for the conditional PEP in (4) and averaging over the distribution of 
Combining (6) and (8), we obtain that the diversity order of the PEP is given by , we obtain a block partitioned matrix whose ¡ & -th block is given by is simply a scalar. Let the symbol¨represent componentwise multiplication, also known as the Hadamard product [9] . Define the codeword difference
. We then see that
can be written as
. Furthermore, the coding gain is given by the minimum product of the non-zero eigenvalues of among all codeword pairs. Some preliminary observations can be made using the Oppenheim's inequality . On the other hand, if 7 is known to have full rank, then application of (10) with
and
shows that a diversity order of § ¢ ¥
can be achieved if all rows of 8 § are non-zero and that maximizing the minimum product of the norms of the rows of
, maximizes a lower bound on the coding gain. The diversity order results under these special cases have also been noted in [10] . However, no insights are provided therein for the most general case.
When § ¢ £ and   7 is not full rank, one must look at the structure of the correlation matrix 7 to arrive at a design criterion. To obtain insights into the design method for an arbitrary correlation matrix, we first state the following result.
are complex matrices of size § $ and § ( , respectively, and
where
. Using the Cholesky decomposition [9] , we write . The proposed code design strategy and a guarantee on the diversity order achieved is given in the following proposition.
Proposition 1: Design the codebook such that for each signal pair diversity order achieved is at least
The proof of Proposition 1 makes use of Lemma 1 which implies that the rank of § v (13) The lower triangular nature of ¾ and the imposed structure on the space-time codebook can then be exploited to conclude that the rank of § is at least the sum of the ranks of the diagonal blocks of
, which is given by the summation in (12) . The rank of given by (13) is exactly equal to the summation in (12) 
is block diagonal but in general it could be more. However, the rank of
so that the maximum diversity order under spatially white correlation is given by
, a fact that was arrived at in a different fashion in [10] . In Section V, we generalize the expression for maximum achievable diversity under arbitrary spatial and temporal correlation structure.
The coding gain with the proposed strategy under spatially white correlation corresponds to the product of the absolute determinant squared of the diagonal blocks of . Besides these special cases, it is difficult to obtain a coding gain expression that only depends on the signal matrices.
It is easy to verify that the proposed strategy subsumes the code design criterion for the two cases corresponding to the quasi-static scenario (7
) and the fast fading scenario (7 @ ¥ ) [5] . Moreover, this general strategy guarantees a certain diversity order depending on the structure of 7 even if the system parameters do not allow us to make any conclusions using the Oppenheim's inequality.
IV. SPATIAL CORRELATION WITH QUASI-STATIC FADING
In the quasi-static scenario with spatial correlation, we have 
so that both`and`X exhibit the same average energy. Let and`X be used on the spatially correlated channel. Then, both`and`X exhibit a diversity order of ¡ . However, for each pair of codewords
that lead to a pair of codewords in`and`X , the pairwise error probability
at any given SNR Using Proposition 3, we can conclude that a space-time code that leads to full diversity under spatially white fading will provide full diversity order of rank¨ rank code that could either be a rectangular LPST code [14] , a stacked extension of a code [15] or a rectangular TAST code [16] . The matrix as obtained from a mutual information maximization point of view which can be found in [12, 13] . In the case of high SNR, it is easy to show that setting all ¤ § to be the same is optimal in terms of coding gain obtained from a pairwise error probability point of view. This fact is in accordance with the high SNR optimality of the equal power allocation on the eigenmodes in terms of maximizing mutual information [17] .
V. SPATIO-TEMPORAL CORRELATION We now combine the insights gained in Sections III and IV to propose a coding strategy under arbitrary spatio-temporal fading correlation. To deal with the spatial correlation, we consider space-time codes with the precoding structure obtained in Section IV, namely . Then, the diversity order of the error probability with`used on a channel with general spatio-temporal correlation is lower bounded by
For a general space-time code, the maximum rank of 
which is a generalization of the results in both [10] and [8] .
VI. CODE CONSTRUCTIONS
The first two examples in this section show the advantage of the precoding strategy over using a space-time code that is designed for spatially white channels. The third example describes a code designed for a channel with non-trivial spatial and temporal fading correlation.
A.
We consider three different transmit correlation structures, namely¨@ and the two correlation matrices¨¨t -QAM information symbols and¨is obtained from the eigendecomposition of¨¨t . The performance of both coding schemes under each transmit correlation structure is shown in Figure 1 . It is seen that the precoding scheme is much better than the TAST scheme when the transmit correlation matrix is of rank 1 . Also, unlike the TAST scheme, the performance of the precoding scheme does not depend on the eigenvectors of the transmit correlation. Moreover, the complexity of the precoding scheme is much smaller than the TAST scheme.
B.
In this example, we consider a randomly generated matriẍ of rank Figure  2 . Once again, the precoding strategy leads to a higher coding gain compared to the TAST codes.
C.
inherent in the system. The second code is the precoded stacked space-time code used in Example VI-B. This code provides a diversity of only ¥ . Finally, we consider a third code that is obtained by precoding a ¥ space-time code which is a TAST code designed for coding over two independent fading blocks [18] . This code satisfies the conditions proposed in Section V and provides the full diversity of . The performance of these codes is shown in Figure 3 . The third code meets all our criterion and provides the best performance. It exploits the entire diversity available in the system and also exhibits a coding gain over the ¥ ¥ TAST code due to the precoding strategy.
VII. CONCLUSIONS
Using a new formulation of temporal correlation and simultaneous incorporation of spatial correlation, we arrive at a single code design criterion valid for arbitrary spatio-temporal fading correlations. It is found that, for rank deficient spatial correlation, precoding a smaller dimensional code leads to better coding gain than simply using a code meant for the spatially white channel even though both lead to the same diversity order. The space-time code to be precoded should be specifically designed to further exploit the diversity inherent in the temporal dimension. The proposed code design utilizes all degrees of freedom available in the spatio-temporal domain and leads to better performance with lower complexity than universal codes meant for all possible correlations. 
